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We propose a pseudo-distance combining graphical and distribu-
fional criteria to compare structural causal models.

Motivation

A structural causal model over endogenous variables V ={Vy, ...,V }
and Its corresponding graph are defined as

M = (U,V,F',PU)), G :=(V,&).

Graphical criterion (SID)

The structural intervention distance (SID, |1]; extended in [2,3]) pro-
vides a metric for comparing causal graphs G' and G*:

SID(G', G*) = #{(i, j) € &' | the interventional distribution from
i to jis falsely estimated by G* wrt G'}

Distribution criterion (MMD)

Joint distributions can also be compared using the maximum mean
discrepancy (MMD, [4]). Let H be a reproducing kernel Hilbert space
(RKHS) parameterized by a kernel k, for two distributions P! and P?

over V:

MMD(P'(V), P*(V)) := llupivy(-) — iprevy ()l

where the kernel mean embedding of PY(V) is defined by
upivy(1) = Evopiov)lk(V, )]
VY. itis estimated by iy, (-) = LS k(v ).
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MMD(P!, P;: k) # 0
SID(G'.G") =0

MMD(P!, P%; k) =
SID(G', G%) + 0
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Proposed distance

Tools: existing extensions of MMD

For conditional distributions [5,6]

MCMD(P'(V; | Vi = v), P(V; | Vi = v)) = Iupr v vimv (D) =Hp2v vimey Ol

For interventional distributions |7/]
MIMD(P}o -1y (Vs Paovimsy (V) = llupi

do(V;=v;

)(v)( ) — Up2 )(v)( )HW

do(V;=v;

SCMD

For two SCMs M, M?, for a vector of arbitrary interventions w:

SCMDM', M*;0) := 3 MIMD (P (Vs Paoren(V))

1<i#j<d

Properties: SCMD is non-negative, symmetric, satisfies the trian-
oular inequality. But it Is not separable in general:

SCMD(M', M*;v) =
= M and M, are interventionally equivalent [8] wrt v.

Estimation

For two samples D! = (vi],...,vy) and D? = (v1,...
known the causal graphs G! and G2,

2 o
, Vi), assuming

- Conditional embeddings are estimated by solving a regularized
vector-valued regression problem [5].

- Interventional embeddings are derived by integrating the condi-
tional embedding over the adjustment variables | /] determined
from the causal graphs.
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ILLustration

For a Gaussian kernel with bandwidth o = 0.1 and v = (1, 1),

SCMD(M!, M2; v)
=||un, 1) — K N( av

1+a%’ 1+a?

)H?’( T H,UN(avl, 1) — :uN(O, 1+a2)H7{

SCMD = 0.8921 and SCMD = 1.0046(+0.02)

SCMD(M!, M;; v)
=||tno. 1) — Uno, DIle + v, 1) — BN, DIl

SCMD = 0.5177 and SCMD = 0.5360(+0.02)
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